Abstract. We prove that if K is a compact space and the space P (K × K) of regular probability measures on K × K has countable tightness in its weak * topology, then L 1 (µ) is separable for every µ ∈ P (K). It has been known that such a result is a consequence of Martin's axiom MA(ω 1 ). Our theorem has several consequences; in particular, it generalizes a theorem due to Bourgain and Todorčević on measures on Rosenthal compacta.
Introduction
The tightness of a topological space X, mentioned in the title and denoted here by τ (X), is the least cardinal number such that for every A ⊆ X and x ∈ A there is a set A 0 ⊆ A with |A 0 | ≤ τ (X) and such that x ∈ A 0 .
In the sequel, K always stands for a compact Hausdorff topological space. By C(K) we denote the Banach space of continuous functions on K equipped with the supremum norm. As usual, the conjugate space C(K) * is identified with M(K), the space of signed Radon measures on K of finite variation. We denote by P (K) the space of probability Radon measures on K and consider P (K) endowed with the weak * topology inherited from C(K)
* . In the present paper we focus on the following problem.
Problem 1.1. Suppose that P (K) has countable tightness. Does this imply that every µ ∈ P (K) has countable Maharam type (that is, L 1 (µ) is separable)?
There are several reasons why such a problem seems to be quite interesting and delicate. We now briefly outline some aspects of 1.1 and postpone a more detailed discussion to section 5.
Assuming Martin's axiom MA(ω 1 ), Fremlin [8] showed that if a compact space K admits a measure of uncountable type then K can be continuously mapped onto [0, 1] ω 1 , so in particular K must have uncountable tightness. Since P (K) contains a subspace homeomorhic to K it follows that Problem 1.1 has a positive solution under MA(ω 1 ).
Talagrand [20] showed that if K admits a measure of type ω 2 then P (K) can be continuously mapped onto [0, 1] ω 2 . Thus the following analogue of 1.1 holds true: if τ (P (K)) ≤ ω 1 then every measure µ ∈ P (K) is of type ≤ ω 1 .
Pol [18] investigated whether the following duality holds: P (K) has countable tightness if and only if the Banach space C(K) has property (C) of Corson. By the main result of [6] in order to verify such a duality it is sufficient to prove that Problem 1.1 has a positive solution.
If K is Rosenthal compact (i.e. K can be represented as a pointwise compact space of Baire-one functions on some Polish space), then every µ ∈ P (K) has countable type. This fact, announced in Bourgain [2] , was proved by Todorčević [21] basing on properties of Rosenthal compacta in forcing extensions; see also Marciszewski and Plebanek [13] . Problem 1.1 would be a generalization of that result since for Rosenthal compact K, the space P (K) is also Rosenthal compact and consequently has countable tightness.
We shall prove below that for every compact space K, if P (K × K) has countable tightness then K carries only measures of countable type. This does not solve Problem 1.1 completely, but seems to be a substantial step forward. After recalling basic definitions and facts in section 2, we prove in section 3 some auxiliary results on measures on product spaces. In section 4 we prove our main result -Theorem 4.1. In the final section we present some consequences of Theorem 4.1, and state some open problems related to our main topic.
Preliminaries
For a given space K, Bor(K) stands for the σ-algebra of all Borel subsets of K. Every µ ∈ P (K) is treated as a Borel measure on K, which is inner regular with respect to compact sets. Recall that the weak * topology on P (K) is the weakest one making a function µ → K g dµ continuous for every g ∈ C(K).
Remark 2.1. Take an open set U ⊆ K and a closed set F ⊆ K. Note that the set of the form V U,a = {ν ∈ P (K) :
The Maharam type of a measure µ ∈ P (K) can be defined as the least cardinal number κ for which there exists a family C ⊆ Bor(K) of cardinality κ and such that the condition inf{µ(B△C) : C ∈ C} = 0 is satisfied for every B ∈ Bor(K). Equivalently, µ has Maharam type κ if the space of all µ-integrable functions L 1 (µ) has density κ as a Banach space. A measure µ ∈ P (K) is homogeneous if its type is the same on every set B ∈ Bor(K) of positive measure.
The following fact is well-known, see e.g. Plebanek [16] Let µ ∈ P (K) and denote its measure algebra by Bor(K)/ µ=0 . For B ∈ Bor(K) let B
• stand for the corresponding element of Bor(K)/ µ=0 . We shall use the following standard result. Proof. By the Maharam Theorem (see Maharam [12] or Fremlin [7] ) there is a measurepreserving isomorphism of measure algebras ϕ : Bor(K)/ µ=0 → A, where A is the measure algebra of the usual product measure λ on 2
Recall that for every a ∈ A there is a set A ⊆ 2 ω 1 depending on coordinates in a countable set I A ⊆ ω 1 such that A • = a, see Fremlin [9] , section 8. Therefore, there is a countable set I ⊆ ω 1 such that for every C ∈ C there is A ⊆ 2
. Then B has the required property.
The following corollary can be easily obtained using Lemma 2.3 and regularity of µ.
is µ-independent of the algebra generated by C ξ = {B η , U η : η < ξ}.
Measures on K × K
In this section we consider a fixed homogeneous measure µ ∈ P (K) of type ω 1 . Given two algebras A and B, we write
for their product algebra; here alg(·) denotes the algebra of sets generated by a given family. Let R denote the Borel rectangle algebra in K × K, i.e.
The following notation is crucial for our considerations: given an algebra A ⊆ Bor(K), we write P (A ⊗ A, µ) for the family of all finitely additive probability measures ν on A ⊗ A such that
By a result due to Marczewski and Ryll-Nardzewski [14] every ν ∈ P (R, µ) is automatically countably additive and can be extended to a (regular) measure on the product σ-algebra σ(Bor(K) ⊗ Bor(K)). In turn, such a measure can be extended to a regular measure on Bor(K × K). We outline below a relatively short argument for completeness (cf. Plebanek [15] , Theorem 4).
Theorem 3.1. Every ν ∈ P (R, µ) can be extended to a regular Borel measure on K ×K.
Proof. Let L denote the family of finite unions of rectangles F × F ′ where F, F ′ ⊂ K are closed. Using the fact that ν ∈ P (R, µ), it is easy to see that ν is L-regular, i.e. for every ε > 0 and A ∈ R there exists L ∈ L contained in A and such that ν(A \ L) < ε.
Let F be the lattice of all closed subsets of K × K. By the main result from Bachman and Sultan [1] , ν can be extended to an F -regular finitely additive measure ν ′ on alg(R∪ F ). By F -regularity and compactness, ν ′ is continuous from above at ∅ and the standard Caratheodory extension procedure gives an extension to a regular measure on σ(R) = Bor(K × K).
For a subset B ⊆ K, we use below the following notation: B 0 = B and B 1 = B c = K \ B. We now prove two lemmas concerning extensions of measures on finite algebras with fixed marginal distributions.
Lemma 3.2. If
A is a finite subalgebra of Bor(K) then every ν ∈ P (A ⊗ A, µ) can be extended to ν ∈ P (R, µ).
Proof. Let us fix a finite algebra A ⊆ Bor(K) and ν ∈ P (A ⊗ A, µ). Let A 1 = alg(A ∪ {B}) where B ∈ Bor(K) \ A. We shall check first that ν can be extended to ν 1 ∈ P (A 1 ⊗ A 1 , µ) .
Let {S 1 , . . . , S l } be the family of all atoms of A having positive measure. It is sufficient to define ν 1 only on atoms of
For ε 1 , ε 2 ∈ {0, 1} put
It is easy to check that this uniquely defines the required ν 1 ∈ P (A 1 ⊗ A 1 , µ) (cf. the proof of the next lemma). It follows that ν admits an extension to ν D ∈ P (D ⊗ D, µ) for every finite algebra D such that A ⊆ D ⊆ Bor(K). Now the assertion follows by compactness argument since the set P (R, µ) is closed. in the space [0, 1] R .
Lemma 3.3. Let A be a finite subalgebra of Bor(K), A 1 = alg(A ∪ {B}), where B ∈ Bor(K) is µ-independent of A and µ(B) = 1/2. Then for every ν ∈ P (A ⊗ A, µ) there exists an extension
Proof. We extend ν to ν 1 ∈ P (A 1 × A 1 , µ) in a similar way to the one presented in the proof of Lemma 3.2.
Let T 1 , . . . , T k be the list of all the atoms of A. For all i, j ≤ k and ε 1 , ε 2 ∈ {0, 1} put
if ε 1 = ε 2 and 0 otherwise. Then
.
We now prove that ν 1 ∈ P (A 1 ⊗ A 1 , µ). It is sufficient to check that ν 1 (S × K) = ν 1 (K × S) = µ(S) for every atom S of the algebra A 1 . We have
where the last identity follows from the µ-independence of B and A. Similarly one checks remaining possibilities.
Lemma 3.4. Let µ ∈ P (K) be a homogeneous measure of type ω 1 and suppose that B ξ ∈ Bor(K) : ξ < ω 1 , U ξ ∈ Open(K) : ξ < ω 1 and C ξ are as in Corollary 2.4. For every ξ < ω 1 there is ν ξ ∈ P (R, µ) such that:
Proof. Fix ξ < ω 1 . Let A be a finite algebra generated by some elements of C ξ and I be a finite subset of ω 1 \ ξ. Then there is ν A,I ∈ P (R, µ) such that
Indeed, such ν A,I can be first defined on alg(A ∪ {B η : η ∈ I}) using Lemma 3.3 and induction on |I| and then extended to a member of P (R, µ) using Lemma 3.2. Now the existence of ν ξ with the required properties follows again by compactness argument: P (R, µ) is clearly a closed subset of [0, 1] R , so it is compact in the topology of convergence on all elements of R. Hence the required measure ν ξ can be defined as a cluster point of the net ν A,I indexed by the pairs (A, I), where A is an algebra generated by a finite subset of C ξ and I is a finite subset of ω 1 \ ξ.
Main result
We are now ready to prove our main result. Theorem 4.1. Let P (K × K) have countable tightness. Then every µ ∈ P (K) has countable type.
Proof. Assume for the sake of contradiction that there exists µ ∈ P (K) of uncountable type. Without loss of generality we can assume that µ is a homogeneous measure of type ω 1 , see Lemma 2.2. Let 0 < ε < 1/16.
Take the sequences B ξ : ξ < ω 1 and U ξ : ξ < ω 1 as in Corollary 2.4. For every ξ < ω 1 take ν ξ ∈ P (R, µ) as in Lemma 3.4 and extend it to ν ξ ∈ P (K × K) using Theorem 3.1. Let ν ∈ P (K × K) be a cluster point of the sequence ν ξ : ξ < ω 1 , i.e.
We shall show that ν / ∈ { ν η : η ∈ I} for every countable I ⊆ ω 1 , which will contradict the assumption that the tightness of P (K × K) is countable.
Let I ⊆ ω 1 be countable. Take ξ > sup I. By regularity of µ there exists closed
− 2ε whenever η ∈ I. On the other hand, if η > ξ then
2 . As ε < 1/16, we have (1/2 + ε) 2 < 1/2 − 2ε. We conclude from Remark 2.1(b) that ν / ∈ { ν η : η ∈ I} and the proof is complete.
Let us remark that modifying our way to Theorem 4.1 one can prove the following more general result. 
Some consequences and open problems
In this final section we present several consequences of Theorem 4.1 as well as some open problems.
It is not difficult to check that if every µ ∈ P (K) has countable type then every ν ∈ P (K × K) has countable type as well. In connection with Problem 1.1 and Theorem 4.1 it is natural to ask the following. Problem 5.1. Suppose that P (K) has countable tightness. Does P (K × K) have countable tightness?
As far as we know, the problem is open. Note that P (K) × P (K) embeds into P (K × K) and if τ (P (K)) = ω then τ (P (K) × P (K)) = ω, since the countable tightness is productive for compact spaces (see Engelking [5] , 3.12.8). However, the space P (K × K) seems to be far more complicated than P (K) × P (K).
Rosenthal compacta.
Recall that a compact space K is said to be Rosenthal compact if K embeds into B 1 (X), the space of Baire-one functions on a Polish space X equipped with the topology of pointwise convergence. The class of Rosenthal compacta is stable under taking countable product and, by a result of Godefroy [10] , if K is Rosenthal compact, then so is P (K). Moreover, Rosenthal compacta are Fréchet-Urysohn spaces (see Bourgain, Fremlin and Talagrand [3] ), hence they have countable tightness. This, together with Theorem 4.1, implies the result of Bourgain and Todorčević mentioned in the introductory section. (1) the space C(K) has property (C); (2) for every family M ⊆ P (K) and every µ ∈ M there exists countable subfamily N ⊆ M such that µ ∈ conv N .
Let us say that P (K) has convex countable tightness if P (K) fulfils condition (2) of Theorem 5.3. Clearly countable tightness implies convex countable tightness, Pol [18] asked if those properties are actually equivalent, which amounts to asking the following. Looking back at the proof of Theorem 4.1 it is easy to notice that we in fact got the following (formally) stronger result. Proof. Assume that τ (P (K × K)) = ω. By Theorem 4.1, every µ ∈ P (K) has countable type, hence every µ ∈ P (K × K) has countable type. By Theorem 5.5, C(K × K) has property (C).
For the converse assume that C(K ×K) has property (C). By Theorem 5.3, P (K ×K) has convex countable tightness, which by Theorem 5.6 implies that every µ ∈ P (K × K) has countable type. Using Theorem 5.5 again we conclude that τ (P (K × K)) = ω.
In connection to Problem 5.1, one can ask the following question on the property (C).
Note that the converse holds true. Indeed, if X is a Banach space with property (C) and Y is its closed subspace, then Y also has property (C). Since
is isometric to a closed subspace of C(K × K).
5.3.
Topological dichotomy for P (K × K). The particular case of Theorem 2.2 of Krupski and Plebanek [11] states that given a compact space K, P (K) contains either a G δ point (i.e. a point of countable character in P (K)) or a measure of uncountable type. Thus Theorem 4.1 immediately implies the following.
Corollary 5.9. For every compact space K, either P (K × K) contains a G δ point or P (K × K) has uncountable tightness.
Recall that a measure µ ∈ P (K) is countably deteremined (CD) if there is a countable family F of closed subsets of K such that µ(U) = sup{µ(F ) : F ⊆ U, F ∈ F } for every open U ⊆ K. Moreover, µ is strongly countably determined (SCD) if one can choose such a family F consisting of closed G δ sets; see [18] and [11] for basic properties of CD and SCD measures and further references. For every µ ∈ P (K) we have the following implications µ is SCD ⇒ µ is CD ⇒ µ has countable type.
A measure µ ∈ P (K) is strongly countably determined if and only if µ is a G δ point of P (K). Thus the statement 'every µ ∈ P (K) is strongly countably determined' is equivalent to saying that P (K) is first-countable. In the light of our main result, the following problem seems to be natural. Problem 5.10. Suppose that P (K) or P (K ω ) is a Fréchet-Urysohn space. Is every µ ∈ P (K) countably determined?
It is not known whether every measure on a Rosenthal compactum is countably determined -see Marciszewski and Plebanek [13] for a partial positive solution.
